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Summary. Transport of membrane-permeable ions through a hydrophobic membrane
separating two aqueous phases is treated within the framework of the Poisson-Nernst-
Planck equations. Specifically considered are transport through the stagnant (Nernst)
and space charge (Gouy-Chapman) layers in the aqueous solutions and partition equi-
librium or first-order phase transfer kinetics at the water/membrane interfaces. In all
cases the calculated conductance is found to reach a maximum value at high ionic
concentrations.

When ions move from one electrolyte solution to another, by permeation
through an interposed thin, hydrophobic membrane, then one can distin-
guish the following sequence of transport phenomena: (1) transport through
the stagnant, unstirred aqueous layer next to the membrane; (2) transport
through the aqueous space charge (diffuse double layer) region immediately
adjacent to the membrane; (3) transfer from the aqueous to the hydro-
phobic phase; (4) transport through the hydrophobic membrane phase;
(5) transfer back into the aqueous phase; (6) transport through the space
charge, and (7) through the unstirred aqueous solution layers. Clearly,
steps 5 through 7 are the mirror images of steps 1 through 3, and thus need
not be discussed separately.

In two previous communications (de Levie & Moreira, 1972; de Levie,
Seidah & Moreira, 1972) we have extensively discussed step 4, the transport
of ions through a thin, planar layer of given dielectric constant. In the
present paper we will take up the task of linking the results of step 4 with
the processes enumerated above under steps 1 through 3, discussing them
in that order.

We will initially simplify the discussion by assuming that ion transfer
between the aqueous and the membrane phase (and vice versa) is so fast
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as to be essentially an equilibrium process, but this restriction will be
relaxed further on. Thus, we will first consider transport in the unstirred
aqueous solutions in combination with partition equilibrium at the inter-
faces and transport through the membrane proper, and subsequently in-
corporate the effects of the diffuse double layers and of possibly slow phase
transfer reactions.

In general, properties like potential, electric field and concentration are
discontinuous at (mathematically sharp) phase boundaries. Only the current
density is continuous across the water/membrane interface, at least in the
steady state. We will assume that the (unknown) potential differences at
the interfaces separating adjacent aqueous and membrane phases are con-
stant and independent of the externally applied voltages and resulting
currents. We will also assume that the aqueous solutions are sufficiently
conducting so that the passage of current through them leads only to
negligible ohmic voltage drops, or else that such ohmic voltage drops are
compensated or accounted for.

Dimensionless concentrations y in the aqueous phase will be defined in
such a way that y remains continuous across the phase boundary (even if
the actual concentration is not) as long as partition equilibrium is main-
tained. We will assume that diffusion is the only mode of mass transport
for ions in the unstirred aqueous solution layer, and that the concentration
on the solution side of that layer is essentially constant.

Transport in the Unstirred Aqueous Layers

Using the notation of our earlier papers, we define the dimensionless
concentration of the permeable ion in the membrane as
Ann®Fdy cy

= <s=<
Y euRT 051 )

and we will, for the time being, assume partition equilibrium of the per-
meable ion at the interfaces

M K for s=0 and s=1. )
w
The subscripts M and W refer to the membrane and water phases, respec-
tively. For mathematical convenience we define the dimensionless concen-
tration of the permeable ion in the water phase as
_4nn’FrdyKey
r= ey RT

50 and szt 3)
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so that y is a continuous function of s in view of Eq. (2). Finally, we will
assume Nernst diffusion layers of thickness dy in the aqueous solutions
adjacent to the membrane, so that

= nFDy(cg—¢co) — nFDy (ci—c})

-1 a4, ., 4

where ¢, and ¢, denote aqueous concentrations at s=0 and s= 1, respec-
tively, “just outside” the space charge layer, and cy and ci represent bulk
concentrations for s—— o and s— + 0. The Nernst diffusion layers are
simply the mathematical consequence of the steady-state condition,d¢/6¢= 0,
introduced into Fick’s second law of planar diffusion, §¢/6¢= D 6%c/dx>.
Rewritten in dimensionless form, Eq. (4) becomes

i=(75—70)/K'=(y, —y1)/K’ Q)
r__ DMdWK

Eq. (5) leads to limiting currents for y,—0 and for y; -0, viz.
izo=Y§/Kl iz1=_7f/K' @)

so that the interfacial concentrations y, and y, can be expressed as explicit
functions of i:

Po=K'(iio—1) y1=K'(i—1iy;). (8)

Consequently, for given values of i, 7y, i;; and K’, the treatment of
Part IT (de Levie et al., 1972) can be used to obtain the dimensionless
potential drop v across the membrane, leading directly to the current-
voltage curve. However, before doing so, we will first use the constant field
approximation (valid for y,, 7, < 1) to illustrate the approach in a simple,
closed-form solution. We recall Eq. (II-55)!

= Yoe =7,

i
v e&—1

®
Introduction of Eq. (8) and rearrangement leads directly to the desired
result
i K'v(ijge’+ip)
e"—14+K'v(e’+1)
1 The notation Eq. (II-55) refers to Eq. (55) in Part II.
1*

(10)
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which is valid as long as the quantities (i;, — i) K’ and (i —i;;) K’ are both
smaller than unity, so that the constant field approximation applies.

With bilayer membranes, dyp> d,;, so that often K> 1. In that case,
Eq. (10) reduces to

i—iy

(1n

v=in- -

fo—1

which is completely analogous to the equation for a so-called ““reversible”

polarographic wave. Note that Eq.(11) can also be derived by simply

assuming that the membrane responds in Nernstian fashion even when

current flows through it, since Eq. (11) follows directly from the combina-
tion of Eq. (8) with the equilibrium relation, Eq. (I-33)

e"=71/Yo- (12)

For the totally symmetrical case in which y; =ys so that i,=i,,=—1i,4,
Eq. (10) reduces to

v
i tanh7
—— (13)
h 1+—1—tanhi
K'v 2
which is equivalent to the result obtained by LeBlanc (1969) for partition
equilibrium. When K’ » 1, Eq. (13) further reduces to

i~ i;tanhv/2 (14)

in essential agreement with Le Blanc’s observations for low tetraphenylborate
concentrations. Alternatively, for K’ < 1, Eq. (13) results in a linear current-

voltage curve
i=i,K'v. (15)

The slope of the current-voltage curve has the dimension of a con-
ductance, and it is sometimes considered as such, especially when deter-
mined at v = 0 in the totally symmetrical situation. From Eq. (13) we obtain

. . ’ *
LA . | S 1 (16)
dv|,—o 1+2K 142K
which for X’> 1 reduces to
di =l§_ (17
dv|,.o 2K
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Fig. 1. The slope of the current-voltage curve at i=0 as a function of the dimensionless

aqueous bulk concentration y§=yF=y*. Calculated using the numerical procedure of

Part II. All curves are for zero surface charge densities and infinitely fast phase transfer

kinetics. Dashed lines are drawn according to the constant field approximation, Eq. (17).
Curve 1: K’=1; curve 2: K’=103; curve 3: K'=109
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Fig. 2. Current-voltage curves for various values of K’ as indicated on the graph.

Calculated with the constant field approximation, Eq. (10), with i, =—i,. For large

values of X', the curves are determined by diffusion in the aqueous solutions, whereas
for small K’ they are limited by low solubility in the membrane
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Fig. 3. Rectification resulting from dissimilar ionic concentrations as calculated with
the constant field approximation, Eq. (10), for K’=1. Values of —i, /i), are indicated
with the curves

Clearly such a “slope conductance” is, in general, quite different from
the intrinsic membrane conductance considered in Part II of this series,
which under these conditions (v =0, y5=7] < 1) is given by Eq. (1[-42)

2= geq=Y0=7o (18)

Fig. 1 depicts the slopes of the current-voltage curves at i = 0, calculated
by the methods used in Part II. At high ionic concentration, the overall
conductance becomes limited by the maximum conductance of the mem-
brane itself, Eq. (I1-44). At low concentrations, the constant field approxima-
tion suffices, and yields results shown in Figs. 2 and 3.

Transport Through the Aqueous Space Charge Layers

In the discussion of the preceding section, the effect of the diffuse
double layers was not taken into account. We will now remedy this de-
ficiency.

From measurements on the interface between mercury and aqueous
electrolyte solutions it is known that the so-called Gouy-Chapman model
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of the diffuse double layer quantitatively describes the aqueous space charge
layer up to an ionic strength of about 1 M. At that ionic strength, the
characteristic thickness 1/ of the space charge layer is about 3 A (in aqueous
solution at 25°C) and it is not surprising that a continuum theory breaks
down when its characteristic distance approaches molecular dimensions.
At any rate, the ionic strength of solutions of biological interest seldom
exceeds 1 M, and therefore we will here use the Gouy-Chapman theory.

In general, the space charge layer has two effects on ion transport
through it. At or near equilibrium, the so-called “static” or Frumkin (1933)
correction applies: essentially a Boltzmann correction for the ionic con-
centration as well as the realization that the potential differences across the
space charge layers must be taken into account in the calculation of the
total applied voltage.

When ions move across a space charge layer, then another, *“dynamic”
effect (Levich, 1949) may also become important, namely, the acceleration
or deceleration of the ionic flux by the double layer field. For the conditions
applicable here (i.e., planar diffuse double layer formed by an inert electro-
lyte of concentration much in excess of that of the current-carrying species),
explicit exact mathematical solutions have been given by Rangarajan (1963)
for a variety of valencies of both the inert electrolyte and the moving ion.
It turns out that the static correction suffices for d-c and low audio-frequency
a-c measurements, except perhaps for permeating ions of high valency in
very dilute solutions. For instance, in a z-z-electrolyte and with a permeating
ion of valency |n] =z, the static correction suffices when

41/w . zFy,
—;Zl/})“smh ZRT

<1 (19)

where the characteristic reciprocal thickness of the space charge layer, «x,
is defined in terms of the bulk concentration cf of the excess inert electro-
Iyte as
,_ 8mz®F2c}
== KT (20)
and where ¥, denotes the potential difference across the space charge (or
diffuse double) layer. The angular frequency w is the characteristic frequency
of the experiment, and Eq. (19) is seen to be a relation between the thick-
ness }/2D]w of the diffusion layer, the thickness 1/« of the space charge
layer, and a term depending on the potential difference y, across that
charged layer. Now the characteristic diffuse double layer thickness 1/«
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is usually of the order of 10~7 cm (for an ionic strength of 0.1 M), aqueous
diffusion coefficients are about 107> cm?sec™* and, for a monovalent
z-z-electrolyte, |zFy,/2RT| is typically 3 or less [according to Eq. (29",
this is equivalent to ¢ <10] so that the dynamic correction is negligible
as long as the corresponding frequency w/2z is very much smaller than
10° Hz. Consequently, for both the present steady-state considerations and
for the a-c response in the low audio-frequency range reported in Part IV
of this series (de Levie, Seidah & Moreira, 1974), the static Frumkin cor-
rection suffices.

As mentioned above, the double layer correction amounts to replacing
the interfacial aqueous concentrations ¢, and ¢; by ¢, exp[—nFy,o/RT]
and ¢, exp[—nFy,,/RT), where y,, and ¢,; are the potentials at the “pre-
membrane” planes (analogous to the so-called ““outer Helmholtz” planes
in electrode kinetics and colloid chemistry) near s =0 and s = 1, respectively.
Insertion of this modification in Eq. (2) shows that it suffices to modify
the meaning of K by writing

Ky=Kexp [——f%?—] K,=Kexp [——n—%lz,—'“—] 2n

where the modified partition coefficients are identified as such by their
subscripts 0 and 1. Likewise, Eq. (3) must be modified to read

Ann’F2di Ky cw _4nn?F*dyK, ey

= < = = . !

Y o RT for s<0 and y o RT for s=1. (3)
Eq. (6) now becomes

/_DMdWKO I__DMdWKl ’

Ky= Do do Ki= Doy (6"

The formalism of Eq. (6") also provides the opportunity to introduce, if
desired, different Nernst diffusion layer thicknesses dy or even different
diffusion coefficients Dy at either side of the membrane. Finally, Eqgs. (5),
(7) and (8) must be written as

i=(7a—70)/Ko=01—71)IK} (5"
ilo=Y§/K6 i= "VT/K; (7

Po=Ko(ijo—17) 71=Ki(i—iy) &)
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and the constant field approximation as

_ v(Koioe"+ K iy)
—1+v(Kye'+K7)

(107

Determination of the Double Layer Potentials

In the preceding section we have indicated that a static double layer
correction must be incorporated in the effective values of K and K’. We
will now show how the pertinent parameters ;, and i,, can be obtained.
The Gauss theorem yields the following relations between adjacent dielec-
tric displacements and any interposed surface charge densities Q:

d¥y | ¥y

A x=0-—-sM Ix x=0+47tQ0 (22)
Ay | d¥y

EWTx—x=d—-8M—a—x=d 47!Q1. (23)

The dielectric displacements e, di,,/dx at s E%=0 or 1 can be calcu-

lated by the methods of Parts I and II, and the surface charge densities
Q, and Q, (arising, ¢.g., from charged lipid headgroups and/or from “spe-
cific” ion adsorption) will here be considered known, so that the dielectric
displacements at the aqueous sides of the membrane can be found from
Egs. (22) and (23). To obtain y, from dy,,/dx at the interfaces, we will use
the Gouy-Chapman theory, and we will equate ey di/dx at s=0 and s=1
with the values of ey diyy/dx at the ““pre-membrane” planes. For the sake
of mathematical simplicity, we will again restrict the discussion to a single
z-z-electrolyte for which the Gouy-Chapman model yields (see, e.g., Over-
beek, 1952)

__4RT R zFy,
Y= 7 artanh{e tanh 4RT} (24)

where x is counted from 0 to + .
Differentiation of Eq. (24) yields

dy _ 2KRT zFr,b,,]

dx o zF ““h[ 2RT (25)
so that

zFy, . [_ zF dy ]

RT =arsinh 2xRT dx |o_o)’ (26)
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When [zFy,/2RT| <1, the hyperbolic sine in Eq. (25) can be approxi-
mated by its argument, so that

Vam —— —— @7

as could also have been derived directly from the well-known approximation
to Eq. (24),
Yy exp [ —xkx]. (28)

When Egs. (23) through (27) are used in the domain — oo < x <0 with
the boundary at x =0, then the sign of x must of course be changed. Con-
sequently, the combination of Egs. (22) and (23) with Eq. (26) yields

zZF Y40 . [ zep Eg 2nzFQ0]_ .
RT =2arsinh Sny o + ooy RT =2arsinh [ey+4,] (29)

Py [_ zeyE, 21zzFQ1]_ -
RT =2arsinh 2n8WK1dM+K?18WRT =2arsinh[—e;+q,] (30)

where E, and E, are the dimensionless electric fields inside the membrane
at s=0 and s =1, respectively, whereas x, and « refer to the aqueous solu-
tions at s<0 and s> 1. The definitions of the dimensionless quantities ey,
o, €; and g, are obvious from Eqgs. (29) and (30).

The presence of a minor amount of a membrane-permeable species in
the z-z-electrolyte does not invalidate the above results as long as its con-
centration is considerably smaller than that of the inert electrolyte, and
as long as its valence, |n|, is not very much larger than z. For monovalent
membrane-permeable ions like poly-iodide, tetraphenylborate or dipicryl-
amine, the latter requirement is always met, and it then suffices for an
inert 1-1-electrolyte to be in about a hundredfold excess.

At this point it may be useful to consider the likely relative importance
of the dimensionless quantities e and ¢ in Egs. (29) and (30). Usingn=z=1,
eyt =2, Ey.ca=80, £o/4n=885x10""“Fcm™', FIRT=40V"Y, xo=
©,; =107 cm™* (for 0.1 M solutions) and d,,=5x 10”7 cm, we obtain

e=25%x10"*E

2

g=0.280Q when Q is expressed in pC cm™ 2.

Now |E|S$20 since this corresponds to an electric field of about
1 MV cm™ %, near the onset of dielectric breakdown. Consequently, |e|<0.03.
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Fig. 4. The effect of surface charge density on the slopes of current-voltage curves at

i=0, calculated using the numerical procedures of Part Il and assuming infinitely fast

phase transfer kinetics. Curve 1: g,=¢,=0; cutve 2: g,=¢q,=1; curve 3: g,=10, g,=0;
curve 4: gy=¢,=10. For all curves, K'=1

On the other hand, a charge density of up to 35 pC cm™2 is quite realistic
as it corresponds to about one unit charge per headgroup in a phospholipid
bilayer membrane, and such a charge density is equivalent to ¢= 10. Con-
sequently, the g-term almost always dominates in Egs. (29) and (30), unless
0 =~0, and a useful (and often already sufficiently accurate) first estimate
of ¥, can be obtained from the approximate relations (Neumcke, 1970)

ZFde ~ . ’

RT ~2arsinh g, (29)
ZFI//,“ ~ . g
—R—T—~2arsmh qy- (307

After initially assuming approximate values found from Egs. (29") and
(30"), improved estimates for iy, can be obtained by iteration for given
values of 7, yo, and y;. Some results so calculated are shown in Fig. 4. The
presence of surface charges is seen to modify the absolute values of the
conductance but not its functional dependence on concentration or its
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Fig. 5. Current-voltage curve in the region of near-maximum membrane conductance,
as calculated using the procedures of PartIl for y§=yF=y*=107, K'=1, ¢,=10

and ¢;=0
ost t x5
| 7 o1
/4 o
osl "4 oz
(]
0.4 )
4 /./'
ozt [ 2
¥/
_ 6 5 -4 -3 2 - ’ 5 ———
— 1 2 3 P 5 13
/ i
] -0z
7
-0.4
t-0.6
-0.8
—

Fig. 6. Current-voltage curves of symmetrical membranes as a function of their surface
charge densities g=g,=g¢, as indicated in the graph. Calculated with the constant field
approximation, Eq. (10"), with K’=1and {; = — i,

limiting value. A typical current-voltage curve in the region of limiting
membrane conductance, Fig. 5, is near-linear. At low ionic concentration,
the constant field approximation is again applicable. In this case, Eq. (I1I-48)
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Fig. 7. Current-voltage curves for asymmetric surface charge densities: ¢,=0; ¢q, as
indicated in the graph. Calculated with the constant field approximation, Eq. (10"),
using K’=1 and i, =—ij,. A point on the curves denotes the value of v, where v=0

yields simply E,=FE,;=—v, so that i can be calculated directly from
Egs. (10), (29) and (30). Figs. 6 and 7 display some results obtained this
way for either symmetrical or asymmetrical charge distributions. In these

figures, the dimensionless applied voltageis given as v,= —_:I#i Wao+ ¥ 1—¥41).

Effect of Slow Phase Transfer

We will now remove the last self-imposed limitation, namely that of
partition equilibrium at the interface. We will assume first-order phase
transfer kinetics with rate constants & which are independent of the mem-
brane potential or of the resulting current. Thus, the rates v for transfer out
of and into the membrane phase are given by Eqs. (31) and (32), respectively:

vy=kycyu at s=0 and s=1 3D

vy =ky cy €Xp [— ngid] at s=0 and s=1. (32)
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One will recognize that, at equilibrium (v, = vy), Eqgs. (31) and (32) reduce
to Eq. (21) with K= ky/k,. We can further simplify the notation by intro-
ducing the abbreviations

nF nf
ko= ky exp [— R‘/;:’O] k,=kyexp [—%] (33)

so that K, = ko [k and K, = k, [k,;. The steady-state current is now given by

_ nFDW(c:)k—CWO)

-1 dW

=nF (Ko cwo—Ku o)

nFDy (cyry — C?)
dy

(34)

=nF(ky cyq—Kkycwy)=
or, in dimensionless form, by

i=(?’§_3’wo)/K{) =K' (ywo=rm0) =K (Par1 —Yw1) = (w1 _?T)/Ki (35)

where
_duky _ dyko _ dky

K=y ~DyKe DykK: (36)

and the subscripts M and W on y, and y; remind us of the fact that y is now
no longer a continuous function of s at the phase boundaries, and therefore
must be further identified.

Eq. (35) contains four independent relations and four unknowns, which
latter are readily obtained as

7W0=V§“iK6 VW1=7’=1!<+1'K’1 (37
VM0=V§“iK;)_i/k, VM1=Vf+iK,1+i/k,' (38)

Apart from the double layer correction which must be found by itera-
tion as before, all quantities on the right-hand sides of Eqgs. (38) are known,
so that the calculation of the membrane potential can proceed as in Part II.

Combination of Egs. (9) and (38) and introduction of the limiting cur-
rents i,, and i;; corresponding with y,, =0 and y,,, = 0, respectively, yields

i (Ko +1/kNYvijg e’ +(Ky+1/k)Yviy,

v 14 v ’ v ! (39)
ume —1+v(Koe'+ Ky +v(e”+1)/k;
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which only differs from Eq. (10") in that K’ has been replaced everywhere
by K’ + 1/k’. Eq. (39) reduces to Eq. (8) of LeBlanc (1969) when double
layer effects are ignored, so that K5 = K =K".

Discussion

The preceding contribution completes the treatment of the steady-state
transport of ions of one kind through thin membranes, by incorporating the
interaction with the adjacent aqueous solutions. The computer calculations
needed to obtain mathematically exact solutions are tedious and time-
consuming, and we have therefore emphasized the corresponding results
obtained from the constant field approximation. Comparison indicates that
the latter is applicable whenever y < 1. Since y is not directly measurable,
a more useful condition might be g<$1. For D=10"%cmsec™, g =2
and d= 50 A, this would correpond with G<1Q ! cm™2.

The approach followed in the present paper differs from that of Bruner
(19654, b) in that we have dissected the overall transport process into its
individual components, so that the effect of each step can be analyzed
separately.

The authors gratefully acknowledge financial support from the National Science
Foundation and the Office of Naval Research, as well as from a National Institutes of
Health fellowship (No. 1-F03-GM-55190-01 from NIGMS).
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