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Summary. Transport of membrane-permeable ions through a hydrophobic membrane 
separating two aqueous phases is treated within the framework of the Poisson-Nernst- 
Planck equations. Specifically considered are transport through the stagnant (Nernst) 
and space charge (Gouy-Chapman) layers in the aqueous solutions and partition equi- 
librium or first-order phase transfer kinetics at the water/membrane interfaces. In all 
cases the calculated conductance is found to reach a maximum value at high ionic 
concentrations. 

When ions move from one electrolyte solution to another, by permeation 
through an interposed thin, hydrophobic membrane, then one can distin- 
guish the following sequence of transport phenomena: (1) transport through 
the stagnant, unstirred aqueous layer next to the membrane; (2) transport 
through the aqueous space charge (diffuse double layer) region immediately 
adjacent to the membrane; (3) transfer from the aqueous to the hydro- 
phobic phase; (4) transport through the hydrophobic membrane phase; 
(5) transfer back into the aqueous phase; (6) transport through the space 
charge, and (7) through the unstirred aqueous solution layers. Clearly, 
steps 5 through 7 are the mirror images of steps 1 through 3, and thus need 
not be discussed separately. 

In two previous communications (de Levie & Moreira, 1972; de Levie, 
Seidah & Moreira, 1972) we have extensively discussed step 4, the transport 
of ions through a thin, planar layer of given dielectric constant. In the 
present paper we will take up the task of linking the results of step 4 with 
the processes enumerated above under steps 1 through 3, discussing them 
in that order. 

We will initially simplify the discussion by assuming that ion transfer 
between the aqueous and the membrane phase (and vice versa) is so fast 
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as to be essentially an equilibrium process, but this restriction will be 
relaxed further on. Thus, we will first consider transport in the unstirred 
aqueous solutions in combination with partition equilibrium at the inter- 
faces and transport through the membrane proper, and subsequently in- 
corporate the effects of the diffuse double layers and of possibly slow phase 
transfer reactions. 

In general, properties like potential, electric field and concentration are 
discontinuous at (mathematically sharp) phase boundaries. Only the current 
density is continuous across the water/membrane interface, at least in the 
steady state. We will assume that the (unknown) potential differences at 
the interfaces separating adjacent aqueous and membrane phases are con- 
stant and independent of the externally applied voltages and resulting 
currents. We will also assume that the aqueous solutions are sufficiently 
conducting so that the passage of current through them leads only to 
negligible ohmic voltage drops, or else that such ohmic voltage drops are 
compensated or accounted for. 

Dimensionless concentrations ~, in the aqueous phase will be defined in 
such a way that ~, remains continuous across the phase boundary (even if 
the actual concentration is not) as long as partition equilibrium is main- 
tained. We will assume that diffusion is the only mode of mass transport 
for ions in the unstirred aqueous solution layer, and that the concentration 
on the solution side of that layer is essentially constant. 

Transport in the Unstirred Aqueous Layers 

Using the notation of our earlier papers, we define the dimensionless 
concentration of the permeable ion in the membrane as 

4nn2F2d2MCM O<S_<I (1) 
Y -  e ~ R T  

and we will, for the time being, assume partition equilibrium of the per- 
meable ion at the interfaces 

CM=K for s=0 and s=l .  (2) 
cw 

The subscripts M and W refer to the membrane and water phases, respec- 
tively. For mathematical convenience we define the dimensionless concen- 
tration of the permeable ion in the water phase as 

4 ~ z n 2 F 2 d 2 K c w  s < O  and s>_l (3) 
--- e M R T  -- - 
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so that  ~, is a continuous function of s in view of Eq. (2). Finally, we will 
assume Nernst  diffusion layers of thickness dw in the aqueous solutions 
adjacent to the membrane,  so that  

--I--  nFDw(c; - co) = nFDw(c~ - c*) 
dw dw (4) 

where Co and c~ denote aqueous concentrations at s =  0 and s = 1, respec- 
tively, " jus t  outs ide" the space charge layer, and c* and c~ represent bulk 
concentrations for s ~ -  oo and s ~  + co. The Nernst diffusion layers are 
simply the mathematical  consequence of the steady-state condition, ~5 c/6 t = O, 
introduced into Fick's second law of planar diffusion, 6c/6t= D 62c/6x2. 
Rewritten in dimensionless form, Eq. (4) becomes 

i = ( r * -  r o ) / K '  = ( r l  - r (5) 

K'= DMdwK 
Dw du (6) 

Eq. (5) leads to limiting currents for 7 o ~ 0  and for ~1 ~ 0 ,  viz. 

�9 r  t �9 ~.  t 

ho =?o/K hi = -71 /K (7) 

so that  the interfacial concentrations 70 and 71 can be expressed as explicit 
functions of i: 

?o=K'(ito - i )  ?a =K'(i- i~l) .  (8) 

Consequently, for given values of i, i~0, i~i and K',  the treatment of 
Part  II (de Levie etaL, 1972) can be used to obtain the dimensionless 
potential drop v across the membrane,  leading directly to the current- 
voltage curve. However, before doing so, we will first use the constant field 
approximation (valid for ?0, 71 < 1) to illustrate the approach in a simple, 
closed-form solution. We recall Eq. (II-55)1 

--v----- eV-1 (9) 

Introduct ion of Eq. (8) and rearrangement leads directly to the desired 
result 

K' v(ilo eV + ira) (10) 
i= eV- l  + K' v(C+ 1) 

1 The notation Eq. (II-55) refers to Eq. (55) in Part II. 
1" 
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which is valid as long as the quantities (i,o - i) K'  and ( i -  in) K '  are both 
smaller than unity, so that  the constant field approximation applies. 

With bilayer membranes,  d w N  dM, so that  often K'>> 1. In that  case, 
Eq. (10) reduces to 

v=In i-izl: (11) 
t i t - -  i 

which is completely analogous to the equation for a so-called "reversible" 
polarographic wave. Note  that  Eq. (11) can also be derived by simply 
assuming that  the membrane responds in Nernstian fashion even when 
current flows through it, since Eq. (11) follows directly f rom the combina- 
t ion of Eq. (8) with the equilibrium relation, Eq. (I-33) 

eV=71/7o . (12) 

For  the totally symmetrical case in which 7" = 7* so that  it =- izo = - its, 
Eq. (10) reduces to 

/3 
tanh - -  

i 2 
- ( 1 3 )  

1 v it l+_k~v_tanh ~_ 

which is equivalent to the result obtained by LeBlanc (1969) for partit ion 
equilibrium. When K'>> 1, Eq. (13) further reduces to 

i~  i t tanh v/2 (14) 

in essential agreement with Le Blanc's observations for low tetraphenylborate 
concentrations. Alternatively, for K '  ~ 1, Eq. (13) results in a linear current- 
voltage curve 

i = il K' v. (15) 

The slope of the current-voltage curve has the dimension of a con- 
ductance, and it is sometimes considered as such, especially when deter- 
mined at v = 0 in the totally symmetrical situation. F rom Eq. (13) we obtain 

di [ it K'  _ 7* 
dv Iv=o- (16) 1 + 2K' 1 + 2K' 

which for K '  >> 1 reduces to 

d i [  = 7" (17) 
dv lv=o 2K"  
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Fig. 1. The slope of the current-voltage curve at i =  0 as a function of the dimensionless 
aqueous bulk concentration 7 " = ? * = ~ * .  Calculated using the numerical procedure of 
Part II. All  curves are for zero surface charge densities and infinitely fast phase transfer 
kinetics. Dashed lines are drawn according to the constant field approximation, Eq. (17). 

Curve 1 : K ' =  1 ; curve 2: K ' =  10 a; curve 3: K '  = 106 
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Fig. 2. Current-voltage curves for various values of K '  as indicated on the graph. 
Calculated with the constant field approximation, Eq. (10), with h i=- - i lo .  For  large 
values of K ' ,  the curves are determined by diffusion in the aqueous solutions, whereas 

for small K "  they are limited by low solubility in the membrane 
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Fig. 3. Rectification resulting from dissimilar ionic concentrations as calculated with 
the constant field approximation, Eq. (10), for K'= 1. Values of --itt/izo are indicated 

with the curves 

Clearly such a "s lope conductance"  is, in general, quite different f rom 
the intrinsic membrane conductance considered in Part II  of this series, 
which under  these conditions (v = 0, yo* =71" < 1) is given by Eq. (II-42) 

g=g~q=YO=7~. (18) 

Fig. 1 depicts the slopes of the current-voltage curves at i = 0, calculated 
by the methods used in Part  II. At  high ionic concentration, the overall 
conductance becomes limited by the maximum conductance of the mem- 
brane itself, Eq. (II-44). At low concentrations, the constant field approxima- 
t ion suffices, and yields results shown in Figs. 2 and 3. 

Transport Through the Aqueous Space Charge Layers 

In the discussion of the preceding section, the effect of the diffuse 
double layers was not  taken into account. We will now remedy this de- 
ficiency. 

F r o m  measurements on the interface between mercury and aqueous 
electrolyte solutions it is known that  the so-called Gouy-Chapman model 
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of the diffuse double layer quantitatively describes the aqueous space charge 
layer up to an ionic strength of about 1 M. At that ionic strength, the 
characteristic thickness 1/x of the space charge layer is about 3 A (in aqueous 
solution at 25 ~ and it is not surprising that a continuum theory breaks 
down when its characteristic distance approaches molecular dimensions. 
At any rate, the ionic strength of solutions of biological interest seldom 
exceeds 1 M, and therefore we will here use the Gouy-Chapman theory. 

In general, the space charge layer has two effects on ion transport 
through it. At or near equilibrium, the so-called "static" or Frumkin (1933) 
correction applies: essentially a Boltzmann correction for the ionic con- 
centration as well as the realization that the potential differences across the 
space charge layers must be taken into account in the calculation of the 
total applied voltage. 

When ions move across a space charge layer, then another, "dynamic" 
effect (Levich, 1949) may also become important, namely, the acceleration 
or deceleration of the ionic flux by the double layer field. For the conditions 
applicable here (i.e., planar diffuse double layer formed by an inert electro- 
lyte of concentration much in excess of that of the current-carrying species), 
explicit exact mathematical solutions have been given by Rangarajan (1963) 
for a variety of valencies of both the inert electrolyte and the moving ion. 
It turns out that the static correction suffices for d-c and low audio-frequency 
a-c measurements, except perhaps for permeating ions of high valency in 
very dilute solutions. For instance, in a z-z-electrolyte and with a permeating 
ion of valency In I -- z, the static correction suffices when 

4 - ~ .  zFOa :< 
--~-/~- smh l ~ [  ,~ 1 (19) 

where the characteristic reciprocal thickness of the space charge layer, x, 
is defined in terms of the bulk concentration c/* of the excess inert electro- 
lyte as 

~2_ 87czZF2c * 
ewRT (20) 

and where 0a denotes the potential difference across the space charge (or 
diffuse double) layer. The angular frequency co is the characteristic frequency 
of the experiment, and Eq. (19) is seen to be a relation between the thick- 
ness ]/2-D/co of the diffusion layer, the thickness 1]x of the space charge 
layer, and a term depending on the potential difference 0a across that 
charged layer. Now the characteristic diffuse double layer thickness 1/x 
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is usually of the order of 10 -7 cm (for an ionic strength of 0.1 M), aqueous 
diffusion coefficients are about 10 -5 cm z sec -1 and, for a monovalent  
z-z-electrolyte, ]zFOa/2RT[ is typically 3 or less [according to Eq. (29'), 
this is equivalent to q N 10] so that  the dynamic correction is negligible 
as long as the corresponding frequency m/2rc is very much  smaller than 
10 s Hz. Consequently, for both the present steady-state considerations and 
for the a-c response in the low audio-frequency range reported in Part IV 
of this series (de Levie, Seidah & Moreira, 1974), the static Frumkin  cor- 
rection suffices. 

As ment ioned above, the double layer correction amounts  to replacing 
the interfacial aqueous concentrations Co and c~ by Co exp[-nFO,to[RT] 

and ci exp [ -  nFOd~/RT], where ~ao and Od~ are the potentials at the "pre-  
membrane"  planes (analogous to the so-called "ou te r  Helmhol tz"  planes 
in electrode kinetics and colloid chemistry) near s = 0 and s = 1, respectively. 
Insertion of this modification in Eq. (2) shows that  it suffices to modify 
the meaning of K by writing 

K o --- K exp [ nFlpa o ] nelpa, 
R T  J K I = K e x p [  - R T  ] (21) 

where the modified parti t ion coefficients are identified as such by their 
subscripts 0 and 1. Likewise, Eq. (3) must  be modified to read 

4n n 2FZdZ K1 c w 4rcn2FZdZMK~ for s<O and ? -  for s_>l. (3') 
? -  e ~ R T  - e ~ R T  - 

Eq. (6) now becomes 

, DMdwKo , DudwK1 
Ko = K1 = (6') 

Dw dM Dw d ~t 

The formalism of Eq. (6') also provides the opportunity to introduce, if 
desired, different Nernst  diffusion layer thicknesses dw or even different 
diffusion coefficients Dw at either side of the membrane.  Finally, Eqs. (5), 
(7) and (8) must  be written as 

=(?o- ?o)lgo =(?~- 71)1K1 (5') 

�9 * , �9 * r 

ho=?o/Ko hi = -71/K1 (7') 

?o=K'o(izo - i )  71 =K'l(i--ilt)  (8') 
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and the constant field approximation as 

i= v(K'~176 i.) 
eV-l +v(K'oe"+K'O" (10') 

Determination of the Double Layer Potentials 

In the preceding section we have indicated that a static double layer 
correction must be incorporated in the effective values of K and K'. We 
will now show how the pertinent parameters 0do and 0dl can be obtained. 
The Gauss theorem yields the following relations between adjacent dielec- 
tric displacements and any interposed surface charge densities Q: 

~ w d d ~  x=o=eU d d ~  x=o+4nQo (22) 

The dielectric displacements eMdOu/dx at s - d  = 0 or 1 can be calcu- 

lated by the methods of Parts I and II, and the surface charge densities 
Qo and Q~ (arising, e.g., from charged lipid headgroups and/or from '"spe- 
cific" ion adsorption) will here be considered known, so that the dielectric 
displacements at the aqueous sides of the membrane can be found from 
Eqs. (22) and (23). To obtain 0d from dOw/dx at the interfaces, we will use 
the Gouy-Chapman theory, and we will equate ~wdOw/dx at s = 0 and s = 1 
with the values of 8wdOw/dx at the "pre-membrane" planes. For the sake 
of mathematical simplicity, we will again restrict the discussion to a single 
z-z-electrolyte for which the Gouy-Chapman model yields (see, e.g., Over- 
beek, 1952) 

0 = 4z-_~ artanh {e--~ tanh zFOd~ 4RT J (24) 

where x is counted from 0 to + 0o. 

Differentiation of Eq. (24) yields 

so that 

dOdx x=o- 2tCRTzF sinh [[zF0a]2RT J (25) 

zFOd=arsinh[ zF d O ] ]  (26) 
2RT 2toRT dx x=o " 
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When IzFOd/2RTI ~ 1, the hyperbolic sine in Eq. (25) can be approxi- 
mated by its argument, so that 

1 d 0  ~=0 (27) 
4,~  tr dx 

as could also have been derived directly from the well-known approximation 
to Eq. (24), 

0 ~ Od exp [ -  xx]. (28) 

When Eqs. (23) through (27) are used in the domain - oo < x < 0 with 
the boundary at x = 0, then the sign of x must of course be changed. Con- 

sequently, the combination of Eqs. (22) and (23) with Eq. (26) yields 

zF~ao -2ars inh [ zeME~ 2rczFQo ] 
RT [2newKod M ~ ~0-oewRT-j=2arsinh[eo+qo] (29) 

zFOnl -2ars inh [ Z e M E 1  2zczFQa ] 
RT 2new~qd~ ~ ~ ]  = 2 a r s i n h [ - e  l+q~] (30) 

where Eo and E1 are the dimensionless electric fields inside the membrane 

at s = 0 and s = 1, respectively, whereas ~:o and xl refer to the aqueous solu- 
tions at s < 0 and s > 1. The definitions of the dimensionless quantities eo, 

qo, et and ql are obvious from Eqs. (29) and (30). 
The presence of a minor amount of a membrane-permeable species in 

the z-z-electrolyte does not invalidate the above results as long as its con- 
centration is considerably smaller than that of the inert electrolyte, and 
as long as its valence, tn I, is not very much larger than z. For monovalent 
membrane-permeable ions like poly-iodide, tetraphenylborate or dipicryl- 
amine, the latter requirement is always met, and it then suffices for an 
inert 1-1-electrolyte to be in about a hundredfold excess. 

At this point it may be useful to consider the likely relative importance 
of the dimensionless quantities e and q in Eqs. (29) and (30). Using n = z = 1, 
e~,r,1 = 2, eW, rel = 80 ,  eo/4~ = 8.85 x 10-14 F cm-  1, F/RT= 40 V- 1, Xo = 
~q = 107 cm -~ (for 0.1 M solutions) and d ~ =  5 x 10 -7 cm, we obtain 

e = 2 . 5  x 1 0 - 3 E  

q = 0.28 Q when Q is expressed in gC cm-2. 

Now I E[ ~ 20 since this corresponds to an electric field of about 
1 MV cm-  ~, near the onset of dielectric breakdown. Consequently, t e I <0.05. 
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Fig. 4. The effect of surface charge density on the slopes of current-voltage curves at 
i=0, calculated using the numerical procedures of Part II and assuming infinitely fast 
phase transfer kinetics. Curve 1: %= q~ = 0; curve 2: qo = ql = 1; curve 3: qo = 10, ql = 0 ;  

curve 4: qo=q1= 10. For all curves, K '=  1 

On the other hand, a charge density of up to 35 pC c m  - 2  is quite realistic 

as it corresponds to about  one unit charge per headgroup in a phospholipid 

bilayer membrane, and such a charge density is equivalent to q = 10. Con- 
sequently, the q-term almost always dominates in Eqs. (29) and (30), unless 

Q ~ 0, and a useful (and often already sufficiently accurate) first estimate 

of Oa can be obtained from the approximate relations (Neumcke, 1970) 

zFOdo 
RT  ~2arsinh q~ (29') 

zF 0~1 ~ 2 arsinh q 1- (30') 
RT 

After initially assuming approximate values found from Eqs. (29)  and 

(30'), improved estimates for 0d can be obtained by iteration for given 
values of i, 7o and 7~. Some results so calculated are shown in Fig. 4. The 
presence of surface charges is seen to modify the absolute values of the 

conductance but  not its functional dependence on concentration or its 
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Fig. 5. Current-voltage curve in the region of near-maximum membrane conductance, 
as calculated using the procedures of Part II for ;~*=~'=7"=107, K'=I, qo=10 

and ql=0 
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Fig. 6. Current-voltage curves of symmetrical membranes as a function of their surface 
charge densities q = q o = q l  as indicated in the graph. Calculated with the constant field 

approximation, Eq. (10'), with K ' =  1 and i t 1=  - -  ilo 

limiting value. A typical current-voltage curve in the region of limiting 
membrane conductance, Fig. 5, is near-linear. At  low ionic concentration, 
the constant field approximation is again applicable. In this case, Eq. (II-48) 
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Fig. 7. Current-voltage curves for asymmetric surface charge densities: qx=0; qo as 
indicated in the graph. Calculated with the constant field approximation, Eq. (10'), 
using K '=I  and itl=-ito. A point on the curves denotes the value of v a where v=0 

yields simply E0 = E1 = -  v, so that i can be calculated directly from 

Eqs. (10'), (29) and (30). Figs. 6 and 7 display some results obtained this 
way for either symmetrical or asymmetrical charge distributions. In these 

figures, the dimensionless applied voltage is given as v, = - nF RT (~dO+~1--~kd~)" 

Effect of Slow Phase Transfer 

We will now remove the last self-imposed limitation, namely that of 

partition equilibrium at the interface. We will assume first-order phase 
transfer kinetics with rate constants k which are independent of the mem- 

brane potential or of the resulting current. Thus, the rates v for transfer out 
,of and into the membrane phase are given by Eqs. (31) and (32), respectively: 

V M : k M C M 

Vw=kwCwexp [ nF~kaRT ] 

at s=0  and s = l  (31) 

at s=0  and s = l .  (32) 
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One will recognize that, at equilibrium (vM = Vw), Eqs. (31) and (32) reduce 
to Eq. (21) with K =  kw/kM. We can further simplify the notation by intro- 
ducing the abbreviations 

ko=.kwex p [ nFOao ] nFOds R T  J k~=-kwexp[  R T  ] (33) 

so that Ko = ko/kM and K1 = ks/kM. The steady-state current is now given by 

- I = nFDw (c* -  Cw o) = nF(ko Cw o - kM CM o) 
dw 

nFDw(cwl - c*) 
= n f ( k M  cM~ - k s  o w l )  = 

dw 

(34) 

or, in dimensionless form, by 

where 

i * ' ' ' * ' =(7o-?wo) /Ko=k (ywo--TMo)=k (TMS--?WS)=(?W~--y~)/K~ (35) 

k'=- dM k~ _ d M  ko _ d M  kl (36) 
DM DM Ko DM K1 

and the subscripts M and W on 70 and 75 remind us of the fact that ~ is now 
no longer a continuous function of s at the phase boundaries, and therefore 

must be further identified. 

Eq. (35) contains four independent relations and four unknowns, which 

latter are readily obtained as 

* * ! * �9 ! 

7wo=7o--lKo 7w~=ys +tKs (37) 

* �9 t 

7M o = 7o -- tKo -- i/k' 7 ~  = 7~ + iKi + i/k'. (38) 

Apart from the double layer correction which must be found by itera- 
tion as before, all quantities on the right-hand sides of Eqs. (38) are known, 
so that the calculation of the membrane potential can proceed as in Part II. 

Combination of Eqs. (9) and (38) and introduction of the limiting cur- 

rents ito and its corresponding with ?M0 = 0 and 7Mr = 0, respectively, yields 

i = (K; + 1/k') v iz o eV + (Ki + 1/k') v itt (39) 
~ e V - l  +v(K'oeV+ Ki)+v(eV+ l)/k'j 
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which only differs from Eq. (10') in that K'  has been replaced everywhere 

by K ' +  1/k'. Eq. (39) reduces to Eq. (8) of LeBlanc (1969) when double 

layer effects are ignored, so that K;  = Ki - K ' .  

Discussion 

The preceding contribution completes the treatment of the steady-state 

transport of ions of one kind through thin membranes, by incorporating the 

interaction with the adjacent aqueous solutions. The computer calculations 

needed to obtain mathematically exact solutions are tedious and time- 

consuming, and we have therefore emphasized the corresponding results 

obtained from the constant field approximation. Comparison indicates that 

the latter is applicable whenever 7 ~< 1. Since 7 is not directly measurable, 

a more useful condition might be g ~  1. For  D =  10 .6 cm sec -1, ere1= 2 

and d = 50 A, this would correpond with G < 1 f~- 1 cm- 2. 

The approach followed in the present paper differs from that of Bruner 

(1965a, b) in that we have dissected the overall transport process into its 

individual components, so that the effect of each step can be analyzed 

separately. 

The authors gratefully acknowledge financial support from the National Science 
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